We study Bowditch' notion of a coarse median on a metric space and formally introduce the concept of a coarse median structure as an equivalence class of coarse medians up to closeness. We show that a group which possesses a uniformly left-invariant coarse median structure admits only finitely many conjugacy classes of homomorphisms from a given group with Kazhdan's property (T). This is a common generalization of a theorem due to Paulin about the outer automorphism group of a hyperbolic group with property (T) as well as of a result of Behrstock-Druţu-Sapir on the mapping class groups of orientable surfaces. We discuss a metric approximation property of finite subsets in coarse median spaces extending the classical result on approximation of Gromov hyperbolic spaces by trees.
Introduction
Coarse median spaces may be viewed as a large-scale generalization of both median algebras and median metric spaces including the class of Gromov hyperbolic spaces. The concept of a coarse median on a metric space has been first introduced and studied by Bowditch [Bow13a; Bow14a; Bow13b] . A coarse median is a ternary operation µ : X × X × X → X on a metric space X which -in a certain precise sense -satisfies the axioms of a median algebra up to bounded error.
Recapitulating [Bow13a] , the main features are as follows. The existence of a coarse median is a quasi-isometry invariant of the underlying metric space whence the theory is well-suited to be applied in the study of finitely generated groups. There is a notion of "rank" for coarse medians and the Gromov hyperbolic spaces are precisely those spaces which admit a coarse median of rank 1. More generally, asymptotic cones of spaces admitting a rank n coarse median are metric median algebras of rank at most n. In particular, a space admitting a coarse median of rank n does not admit a quasiisometric embedding of R m for m > n. Coarse median groups are always finitely presented with an at most quadratic Dehn function. Easy higher rank examples such as Z n can be obtained because direct products of coarse median spaces are coarse median themselves. Moreover, based on the work of Behrstock-Minsky [BM11] , Bowditch has shown that the mapping class group of an orientable surface admits a coarse median of rank at most the complexity of the surface. The class of coarse median spaces is also stable under relative hyperbolicity [Bow13b] .
Coarse median spaces
We begin with the definition of a coarse median. As a prerequisite we need the concept of a finite median algebra. As advocated by Bowditch [Bow13a] , we think of a finite median algebra as the vertex set of a finite CAT(0) cube complex together with the ternary operation sending each triple of vertices to their median point according to the median metric induced by the 1-skeleton (cf. [Rol98, §10] ). For finite median algebras this viewpoint is completely equivalent to the more traditional axiomatic definition. See [Bow13a] for a discussion well suited to our purposes. For a broader viewpoint on median algebras and related structures we refer to [BH83; Rol98; Che00] .
Let (X, d) be a metric space. A ternary operation µ : X 3 → X is called a coarse median if there is a constant k ∈ R 0 and a non-decreasing function h : N → R 0 such that the following conditions are satisfied.
(i) The map µ is coarsely Lipschitz with multiplicative constant k and additive constant h(0), that is, for every x, y, z, x ′ , y ′ , z ′ ∈ X, we have, (ii) For every finite non-empty subset A ⊆ X, there is a finite median algebra (M, µ M ) together with maps λ : M → X and π : A → M such that
d(a, λ(π(a))) h(|A|)
for all a ∈ A, d (λ(µ M (m 1 , m 2 , m 3 )), µ(λ(m 1 ), λ(m 2 ), λ(m 2 ))) h(|A|) for all m i ∈ M, i ∈ {1, 2, 3}.
We call k and h parameters of the coarse median µ. Note that we only require their existence and we do not consider a particular choice of parameters to be part of the structure of a coarse median. However, if it is possible to fix parameters such that the cube complexes underlying all the finite median algebras in condition (ii) have dimension at most n, then we say that the coarse median µ has rank at most n.
A coarse median space is a metric space together with a coarse median. Intuitively, the inequalities in condition (ii) mean that λ is almost a homomorphism of the respective ternary operations and λ • π is almost the inclusion A ֒→ X. In view of the previous discussion of finite median algebras, condition (ii) may be interpreted as saying that every finite subset A ⊆ X is (in a certain sense) approximately contained in a finite CAT(0) cube complex, up to an error which only depends on the cardinality of A.
Statement of results
In order to compare different coarse medians in a meaningful way, we introduce the concept of a coarse median structure on a metric space as a closeness class of coarse medians. Here we say that two coarse medians µ, µ ′ : X 3 → X are close if there exists R 0 such that d (µ(x 1 , x 2 , x 3 ), µ ′ (x 1 , x 2 , x 3 )) R for all x 1 , x 2 , x 3 ∈ X. This has the advantage that it is straightforward to construct a well-defined pullback and pushforward of a coarse median structure via a quasi-isometry (cf. Definition 4.5). One easily verifies that this construction satisfies the expected formal properties (cf. Proposition 4.6). We further illustrate the usefulness of these formal definitions by considering hyperbolic groups acting on CAT(0) cubical complexes. Indeed, in such a case, the coarse median structure on the hyperbolic group is related to the natural coarse median structure on the cube complex via the quasi-isometry defined by the orbit map (cf. Example 4.14).
Moreover, we say that a coarse median structure on a finitely generated group is uniformly left-invariant if one (and hence any) of its representatives is almost equivariant with respect to the left multiplication action up to a uniform error (cf. Definition 4.9). The coarse median structure on a hyperbolic group is automatically uniformly leftinvariant. This leads us to our main results, Theorem 5.6 and Corollary 5.7, which generalize the work of Paulin [Pau91] asserting that a hyperbolic group with Kazhdan's property (T) has finite outer automorphism group. Theorem 5.6 is inspired by the analogous theorem for mapping class groups due to Behrstock-Druţu-Sapir [BDS11, Theorem 1.2]. In fact, using Bowditch' work on coarse medians on the mapping class groups [Bow13a, Theorem 2.5], their result is a special case of our theorem.
Our proof of Theorem 5.6 follows the same general idea as set forth by Paulin's original work (the main steps of which we recapitulate in Section 5.2). However, to make it work in our setting, the crucial ingredient is a new fixed point theorem for certain actions of groups with Kazhdan's property (T) on metric median algebras (cf. Theorem 3.7).
The proof of this fixed point result, which is of independent interest, proceeds as follows. First, we show that the metric on an appropriate class of metric median algebras can be canonically bi-Lipschitz deformed so that the space becomes a median metric space (cf. Section 3.1). Second, we use that fact that every isometric action of a Kazhdan group on a median space has bounded orbits [Nic04; CDH10] . Third, we appeal to a recent construction due to Bowditch [Bow14b] implying that our median metric space can be bi-Lipschitz deformed into a CAT(0) space, where finally we are in a position to apply the well-known fixed point lemma for isometric actions with bounded orbits.
In a different direction, we discuss metric approximations of finite subsets in coarse median spaces by finite median metric spaces. This uses ideas similar in spirit to what is also needed for the deformation of metric median algebras into median spaces. The definition of a coarse median already states that every finite subset can be approximated -on the level of ternary operations -by a finite median algebra. We show that this is enough to imply the following metric approximation property. 
) admits a coarse median of rank at most n, we can assume M to always have rank at most n + 1.
Since a finite median metric space is just the vertex set of a finite CAT(0) cube complex (with possibly rescaled edge lengths), this result may be reframed as approximation by such finite CAT(0) cubical complexes. Hence it generalizes the classical result on approximating trees in Gromov hyperbolic spaces [Gro87, §6.2].
Plan of the paper
The paper is organized as follows.
In Section 2, we review basic facts about median metric spaces and median algebras, and set up some notation for later use.
Our method of turning certain metric median algebras into honest median metric spaces and the conclusion of our fixed point result is explained in Section 3.
In Section 4, we revisit the definition of coarse medians and introduce coarse median structures. Then we proceed with our formal study of quasi-isometry invariance of coarse median spaces and finally discuss the example of hyperbolic groups acting on CAT(0) cubical complexes.
Section 5 is dedicated to the proof of our main result on homomorphisms from Kazhdan groups into groups with an uniformly left-invariant coarse median structure.
Finally, Section 6, which is concerned with our approximation result about finite subsets in coarse median spaces, can be read mostly independently from the rest of the paper (after possibly reviewing some notation from Section 2).
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Prerequisites

Median metric spaces
In this and the following subsection, we collect standard results on median metric spaces and median algebras. These and related structures have been studied in various contexts by many different authors, so we can only mention a selection of references [BH83; Rol98; Che00; Nic04; CN05; CDH07; CDH10] without claiming historical completeness.
Let (X, d) be a metric space and x, y ∈ X. The metric interval between x and y is the
Given a median metric space (X, d), we view µ d as a ternary operation X × X × X → X and call it the intrinsic median operation of (X, d).
Example 2.2. The vertex set C (0) of a CAT(0) cubical complex C endowed with the restriction of the path metric from the 1-skeleton is a median metric space [Rol98,  §10] [Che00, Theorem 6.1]. We denote the median operation on C (0) by µ C (0) .
Example 2.3. R n endowed with the metric induced by the 1-norm is a median metric space. More generally, L 1 (X) is a median metric space for any measured space X.
Median algebras
Definition 2.4. A median algebra is a set M together with a ternary operation µ : M 3 → M such that for every x, y, z, u, v ∈ M, the following identities hold.
Given a median algebra (M, µ) and x, y ∈ M, the median interval between x and y is the set I A wall {h, h c } in a median algebra is a partition M = h ⊔ h c into two non-empty and convex subsets h, h c ⊆ M. We denote the set of walls in (M, µ) by W (M, µ) or just W (M). A wall {h, h c } ∈ W (M) separates two points a, b ∈ M if a ∈ h and b ∈ h c or vice-versa. The set of walls separating a and b is denoted by W M (a|b). Given two distinct elements of a median algebra, there always exists a wall separating them. In fact, any two disjoint convex subsets can be separated by a wall [Rol98, §2] .
An n-cube in a median algebra is a subalgebra isomorphic to the median algebra {−1, 1} n .
Remark 2.5. Every median metric space admits a unique structure as a median algebra such that the metric intervals agree with the median intervals. This can easily be seen from the characterization of median algebras stated in [BH83, Theorem 2.1]. The corresponding ternary operation is just the intrinsic median operation µ d from Definition 2.1.
Example 2.6. The vertex set of a CAT(0) cubical complex is a median algebra in a natural way. The median walls as defined above coincide with the walls determined by the geometric hyperplanes of the CAT(0) cubical complex.
Two edges in a CAT(0) cubical complex are said to be parallel if they intersect the same wall. Definition 2.8. The rank of a finite median algebra M is the dimension of C (M). The rank of a general median algebra is the (possibly infinite) supremum over the ranks of all finite subalgebras.
In Definition 2.4, we have given the abstract definition of a median algebra. However, in the spirit of [Bow13a], we will not need to use this definition in practice. This is because the median subalgebra generated by a finite subset of some median algebra is always finite itself. Together with Remark 2.7 this implies a characterization of median algebras as follows. In other words, in order to understand median algebras it suffices to understand the median structures of finite CAT(0) cubical complexes.
Constructing metrics on finite median algebras
In this short subsection, we discuss how to describe median metrics on finite median algebras. This will be needed in Sections 3.1 and 6.
We begin with a useful observation which appears in [Bow14b, Section 2].
Lemma 2.11. Let (X, µ) be a median algebra and ρ :
Now let (M, µ) be a finite median algebra and l :
Proposition 2.12. The map d l is a median metric on M with intrinsic median operation
Proof. Clearly, d l is a metric (for the triangle inequality, observe that
is a median metric space with intrinsic median operation equal to µ.
Geometrically, one can picture this metric as being obtained from C (1) (M) by rescaling all edges which intersect a wall W so that they have length l(W ) for all W ∈ W (M).
From median metric spaces to CAT(0) spaces
Here we review a recent construction due to Bowditch [Bow14b, Section 7] which turns connected and complete median metric spaces into CAT(0) spaces. This allows us to apply the usual fixed point lemma for group actions with bounded orbits on CAT(0) spaces in the setting of these median metric spaces.
Suppose that (X, d) is a complete and connected median metric space such that the median algebra (X, µ d ) has rank at most n < ∞. Let Q ⊆ X be some m-cube, m n (cf. Section 2.1). Then Q inherits a median metric from (X, d) which comes from a func-
there is a unique maximal cube
where the infimum is taken over all finite sequences x = (x i ) N i=0 with x 0 = x and x N = y. The important fact [Bow14b, Theorem 1.1] is that σ d is a CAT(0) metric on X which satisfies
for all x, y ∈ X. Note that σ d is defined canonically in terms of the median metric structure of (X, d).
In particular, every isometry of (X, d) is also an isometry of (X, σ d ).
Corollary 2.13. Let a group act by isometries on a complete and connected median metric space of finite rank. Then the action has a fixed point if and only if it has bounded orbits.
Proof. In view of the previous discussion, this is a direct consequence of the fixed point lemma for actions with bounded orbits on complete CAT(0) spaces [BH99, Part II, Corollary 2.8].
3 Metric median algebras (
Every median metric space is a metric median algebra. In fact, the intrinsic median operation of a median metric space is 1-Lipschitz [CDH10, Corollary 2.15].
In Section 3.1, we show that for a certain class of metric median algebras, including the ones considered in [Bow14a] , one can construct a median metric which recovers the prescribed median algebra structure. Moreover, the construction is canonical in the sense that the new metric is invariant with respect to all isometric automorphisms of the original metric median algebra.
In Section 3.2, we apply these considerations together with the construction of Bowditch we have summarized in Section 2.4 in order to obtain a fixed point theorem for Kazhdan groups acting on metric median algebras.
Rectifying metric median algebras
Our following construction is inspired by the ideas developed in [Bow14a] .
Let us fix a metric median algebra (X, d, µ). We write M (X, µ) for the set of all finite median subalgebras of (X, µ). Since the median subalgebra generated by a finite subset is itself finite (cf. Lemma 2.9), M (X, µ) is a directed set with respect to the inclusion relation.
Let M ∈ M (X, µ). Then for each edge e in the 1-skeleton of the CAT(0) cubical complex C (M), we define λ M (e) := d(e − , e + ), where e ± ∈ M are the boundary vertices of e. Given a wall W ∈ W (M), we consider its "maximal thickness",
where the maximum is taken over all edges e which intersect W (recall that median walls correspond exactly to geometric hyperplanes in the cube complex). Notice that -in contrast to [Bow14a] -we use the maximum here instead of the minimum. This will be more convenient for our construction.
For each x, y ∈ X and M ∈ M (X, µ), we define,
otherwise.
We also observe that
However, for this to be true it is crucial that g preserves both the metric and the median structure.
is a distance function of the type considered Section 2.3. Thus, Proposition 2.12 implies that it is a median metric on M with intrinsic median operation equal to the appropriate restriction of µ.
Definition 3.2. Let (X, d, µ) be a metric median algebra. For x, y ∈ X, we define
We call a metric median algebra (
We also note that if (X, d) is a median metric space with intrinsic median operation µ,
The main result of this subsection is the following. 
We claim that for each W ∈ W (M), we have,
Indeed, choose elements a, b ∈ M which are adjacent in the cube complex C (M), are separated by W , and attain the maximum
. By the triangle inequality, we conclude,
where the second inequality follows from (3.4) (using W M (a|b) = {W }) and the definition of λ N max . Using (3.4) and (3.5), we finish the proof of Lemma 3.4,
Proof of Proposition 3.3. Abbreviate M := M (X, µ). By Lemma 3.4, the net of real num-
is monotonically non-decreasing for fixed x, y. By assumption, it is also bounded above, whence its limit exists and
It is clear that d µ is a metric and the Isom(X, d, µ)-invariance has already been noted in the discussion before the proposition. To see that d µ is a median metric, let x, y, z ∈ X with z = µ(x, y, z).
This equality passes to the limit in (3.6), whence the hypothesis of Lemma 2.11 is satisfied for ρ = d µ . We conclude that (X, d µ ) is a median metric space with intrinsic median operation equal to µ.
Ld(x, y) for all x, y ∈ X, which proves the last statement.
We finish this section with a technical lemma which directly follows from Bowditch' work and will be required in Section 5. for all x, y ∈ X. Moreover, assumption (i) implies that λ M (e) kλ M (ẽ) for all pairwise parallel edges e,ẽ in the cube complex corresponding to M. In particular,
for all x, y ∈ X, and the same holds for d µ .
A fixed point theorem
Applying the previous construction and Section 2.4, we obtain the following fixed point results.
Proposition 3.6. Let (X, d, µ) 
Coarse median structures and quasi-isometries
Let S be a set and (X, d) a metric space. Let f , f ′ : S → X be some maps and K 0. We say f and f ′ are K-close, and write
Moreover, two such maps f , f ′ are said to be close, denoted by f ∼ f ′ , if they are K-close for some K 0. Closeness is an equivalence relation on X S . 
In terms of this notation, the definition of a coarse median (cf. Section 1.1) reads as follows. [Bow13a] ). Let (X, d) be a metric space. A ternary operation µ : X 3 → X is called a coarse median if there is a constant k ∈ R 0 and a nondecreasing function h : N → R 0 such that the following conditions are satisfied.
Definition 4.2 (Coarse median
(i) For every x, y, z, x ′ , y ′ , z ′ ∈ X, we have,
(
ii) For every finite non-empty subset A ⊆ X, there is a finite median algebra (M, µ M ) together with a h(|A|)-quasi-morphism λ : M → X and a map
where ι A denotes the inclusion map A ֒→ X. We call k and h parameters of the coarse median µ. Furthermore, if it is possible to fix parameters such that the cube complexes C (M) have dimension at most n for all median algebras M appearing in the definition, then we say that the coarse median µ has rank at most n. If it has rank at most n but not rank at most n − 1, then we say it has rank n. Definition 4.3. A coarse median structure on a metric space X is a closeness class of coarse medians µ : X 3 → X. We write [µ] for the coarse median structure represented by a coarse median µ.
The concept of rank is well-defined on the level of coarse median structures.
Remark 4.4. If we do not care about the rank, we may always assume (after changing the parameters) that ι A = λ • π in Definition 4.2 (ii). This has already been suggested in [Bow13a, Section 8]; here we work out the claim explicitly and show that it suffices to allow for increasing the rank by one.
Indeed, let A ⊆ X be a finite subset of a coarse median space, and λ : M → X, π : A → M as in Definition 4.2 (ii). Let T be some finite tree with vertex set T (0) = A, and µ T : A 3 → A the corresponding rank 1 median structure. Definẽ
Let pr M : M × A → M be the projection on the first factor, and observe that by ι A ∼ h(|A|) λ • π, we have,
where we have used the shorthand f ×3 := f × f × f . By (4.1) and Definition 4.2 (i), we have µ
λ is an ((k + 2)h(|A|) + h(0))-quasi-morphism.
This proves the claim, as we can replace λ, π byλ,π if we also replace h by n → (k + 2)h(n) + h(0). However, this construction has increased the rank of the median algebra on which our "new λ" is defined by one.
Quasi-isometry invariance
The existence of a coarse median structure (of certain rank) is a quasi-isometry invariant of the underlying metric space [Bow13a, Lemma 8.1]. We formalize this observation by introducing the notions of "pushforward" and "pullback" of a coarse median structure via a quasi-isometry. 
and similarly, the pullback of In view of the natural homomorphism Isom(X, d) → QIsom(X, d), the isometry group of a metric space also acts on the set of coarse median structures. The next example demonstrates that even this action is not necessarily trivial.
One readily verifies that
Example 4.7. Consider the intrinsic median operation µ R n on R n associated to the metric induced by the 1-norm, (x i ) 1 = n i=1 |x i |. Let E n denote the metric space determined by R n endowed with the Euclidean norm (x i ) 2 = n i=1 |x i | 2 . Then µ R n is a coarse median on E n as well (since all norms on R n are equivalent).
Let A ∈ Isom(E 2 ) be the rotation by π 4 around the origin (0, 0). For k ∈ N, consider x k = (k, 0), y k = (0, k) ∈ E 2 . Then, by elementary Euclidean geometry, we obtain This example shows that, in general, a coarse median structure is an additional structure imposed on a metric space (and does not necessarily arise from the metric structure itself as in the case of hyperbolic spaces, cf. Section 4.2).
Definition 4.8. Let a group G act by isometries on a metric space X. A coarse median Let (X, d) be a δ-hyperbolic geodesic metric space and fix some K δ. For each x 1 , x 2 , x 3 ∈ X, choose an arbitrary K-center of some geodesic triangle with vertices x 1 , x 2 , x 3 and denote it by µ hyp (x 1 , x 2 , x 3 ) . By Lemma 4.10, the closeness class of µ hyp : X 3 → X does not depend on any of the choices (not even on K as long as it remains fixed throughout the construction). Moreover, using the fact that in hyperbolic spaces finite subsets can be approximated by trees [Gro87, §6.2], one proves that µ hyp is a coarse median of rank at most 1 [Bow13a, Section 3].
δ-hyperbolic spaces
Definition 4.11. We call [µ hyp ] the hyperbolic coarse median structure of X.
Using stability of quasi-geodesics [BH99, Part III, Theorem 1.7], we obtain the following lemma which implies that the hyperbolic coarse median structure is "stable under quasi-isometries". This is in strong contrast to what we have seen in Example 4.7. For any hyperbolic group G and any finite generating set S ⊆ G, there is a welldefined hyperbolic coarse median structure µ G on (G, d S ) . Indeed, µ G is obtained as the pullback of the hyperbolic coarse median structure on the Cayley graph of G via the inclusion map of the vertex set. From Lemma 4.10, we obtain the following.
Corollary 4.13. The coarse median structure µ G on any hyperbolic group G is uniformly left-invariant.
We conclude this section by illustrating our formal tools and use them to compare coarse median structures on hyperbolic groups acting properly and cocompactly on a CAT(0) cubical complex. For instance, such examples arise from various types of smallcancellation groups [Wis04] .
Example 4.14. Fix a finite-dimensional and locally finite CAT(0) cubical complex C. The vertex set C (0) , endowed with the path metric from the 1-skeleton of C, is a median metric space. The inclusion map ι : C (0) ֒→ C is a quasi-isometry. Thus, there is a coarse median structure on C defined by µ C := ι * [µ C (0) ], where µ C (0) is the median on the vertex set. Furthermore, let G be a hyperbolic group which acts properly and cocompactly by isometries on C. By the Švarc-Milnor lemma [BH99, Proposition I.8.19], the map ev x : G → C, g → g · x is a quasi-isometry for all x ∈ C.
We claim that for any choice of base-point x ∈ C, we have,
In other words, the hyperbolic coarse median structure on G automatically agrees with the one induced by the median on the CAT(0) cubical complex. Indeed, first observe that C is a hyperbolic space due to quasi-isometry invariance of hyperbolicity [BH99, Chapter III.H, Theorem 1.9]. We consider the 1-skeleton C (1) to be endowed with the path metric, which we denote by d C (1) . Then the inclusion j : C (1) ֒→ C is a quasi-isometry. Thus (C (1) , d C (1) ) is a hyperbolic geodesic metric space as well. Let µ C (1) ,hyp denote the hyperbolic coarse median structure on C (1) . By Lemma 4.12, we have
Furthermore, we have
where i : C (0) ֒→ C (1) is the inclusion map. To see this, just observe that for every x 1 , x 2 , x 3 ∈ C (0) , there exists a geodesic tripod in C (1) with vertices x 1 , x 2 , x 3 and center µ C (0) (x 1 , x 2 , x 3 ). As a consequence, µ C (0) (x 1 , x 2 , x 3 ) is a 0-center of this particular geodesic triangle and hence valid choice for an hyperbolic coarse median point (cf. the discussion in Section 4.2) of (x 1 , x 2 , x 3 ) in C (1) . This proves (4.4). Using (4.3), (4.4) and Proposition 4.6, we conclude (4.2) as follows,
Homomorphisms from Kazhdan groups into coarse median groups
In this section, we prove our main result on homomorphisms from Kazhdan groups into groups with an uniformly left-invariant coarse median structure. In general, our proof works the same way as in Paulin's article [Pau91] on the outer automorphism group of hyperbolic groups with Kazhdan's property (T). However, in a slight variation compared to Paulin, we use the language of asymptotic cones instead of equivariant Gromov-Hausdorff topologies.
Asymptotic cones
We start by reviewing basic facts about ultralimits and asymptotic cones [BH99, Chapter I.5]. Let ω be a non-principal ultrafilter on N and (X n , d n , • n ) n∈N a sequence of pointed metric spaces. Its ultralimit with respect to ω is defined by
Then d ω descends to a complete metric on X ω . For every n ∈ N, let α n : X n → X n be an isometry and assume that sup n∈N d n (• n , α n (• n )) < ∞. Then there is an isometry α ω : X ω → X ω defined on representatives by α ω ((x n ) n ) = (α n (x n )) n .
If we apply this construction to a sequence of the form (X,
) is some fixed metric space with a sequence (• n ) n ⊂ X, and (λ n ) n ⊂ R 0 some sequence with λ n → ∞ as n → ∞, then we call the resulting space X ω an asymptotic cone of (X, d),
Proposition 5.1. Let (X, d) be a geodesic metric space which admits a coarse median structure of rank at most n. Then every asymptotic cone of X is a uniformly rectifiable metric median algebra of rank at most n.
Let µ be a coarse median representing the given coarse median structure on X. Now consider elements x, y, z ∈ X ω , represented by sequences (x n ) n , (y n ) n , (z n ) n ⊂ X, respectively. Then (µ(x n , y n , z n )) n represents an element of X ω , which we denote by µ ω (x, y, z). Then (X ω , d ω , µ ω ) is a well-defined metric median algebra of rank at most n [Bow13a, Proposition 9.4]. Moreover, µ ω is Lipschitz [Bow13a, Lemma 9.2], that is, it satisfies condition (i) from Lemma 3.5. As an asymptotic cone of a geodesic space, (X ω , d ω ) is geodesic itself, so it trivially satisfies (ii) from Lemma 3.5. Thus, Lemma 3.5 implies that (X ω , d ω , µ ω ) is uniformly rectifiable.
The following technical lemma follows immediately from the definitions, we record it here for later reference.
Lemma 5.2. We keep working with the setup of Proposition 5.1. Consider an asymptotic cone
where µ is some representative of the coarse median structure.
Then the map α ω : X ω → X ω is an isometric automorphism of the metric median algebra (X ω , d ω , µ ω ).
Abstract version of Paulin's theorem
Let G be a finitely generated group.
Consider an asymptotic cone
is bounded for all fixed h ∈ H. Then by the discussion in Section 5.1, we have an induced action of
Definition 5.3. We say that a group H has property F Cone (G) if for all asymptotic cones of G, every action constructed as above has a fixed point.
We say two homomorphisms ϕ 1 , ϕ 2 : H → G are conjugate if there exists g ∈ G such that ϕ 2 (h) = gϕ 1 (h)g −1 for all h ∈ H. t)g, g) , where d is some word metric on G induced by a finite generating set. Since l ϕ takes integer values, the minimum λ ϕ := min g∈G l ϕ (g) always exists. We note the following well-known fact. Now suppose that Proposition 5.4 is false, that is, there indeed exists a sequence of pairwise non-conjugate homomorphisms ϕ n : H → G. Then for each n ∈ N, choose a minimizing point g n ∈ G such that l ϕ n (g n ) = λ n := λ ϕ n . By Lemma 5.5, we may construct an asymptotic cone
In particular, the sequence of homomorphisms (ϕ n ) n induces an action of H on X, which, by assumption, has a fixed point x ∈ X. The point x is represented by a sequence (x n ) n ⊂ G. The fact that x is a fixed point means that
In particular, since T is finite, there exists n 0 ∈ N such that d(x n 0 , ϕ n 0 (t)x n 0 ) < λ n 0 2 for all t ∈ T , contradicting the definition of λ n 0 .
We are now in a position to prove our main results. Proof. Let G be a finitely generated group which admits a uniformly left-invariant coarse median structure and H a finitely generated group with Kazhdan's property (T). It suffices to prove that H has F Cone (G), then the theorem follows from Proposition 5.4.
Indeed, consider an asymptotic cone
and a sequence of homomorphisms ϕ n : H → G as in the beginning of this subsection. By Proposition 5.1, X ω admits the structure (X ω , d ω , µ ω ) of a uniformly rectifiable metric median algebra of finite rank. For each fixed h ∈ H, let α n (h) : G → G denote the left multiplication map by ϕ n (h). Because the coarse median structure is uniformly left-invariant, the sequence of isometries (α n (h)) n satisfies (5.2), whence Lemma 5.2 says that the induced action of H on X ω is by isometric automorphisms of the metric median algebra. Finally, Theorem 3.7 implies that the action has a fixed point. Example 5.9. Let G i be a hyperbolic group with Kazhdan's property (T), where i = 1, . . . , n. Such groups can be obtained as lattices in Sp(1, n) or constructed using the methods of Ballmann-Światkowski [BŚ97] .
Then the direct product G = G 1 × · · · × G n has property (T) and admits a uniformly left-invariant coarse median structure of rank at most n. We deduce from Corollary 5.7 that the outer automorphism group of G is finite.
Metric approximation of finite subsets
Here we discuss the approximation of finite subsets in a coarse median space by finite median metric spaces (or equivalently, finite CAT(0) cubical complexes with rescaled edge lengths). We start with the following observations about quasi-morphisms into coarse median spaces. (ii) The unique wall which separates x i from x i+1 also separates x 0 from x m , and we have x i = µ C (x i , x i+1 , x 0 ) as well as x i+1 = µ C (x i , x i+1 , x m ). Now the proof proceeds as in (i). Proof. Let h, k be parameters of a coarse median µ : X 3 → X. Due to Remark 4.4 there exists a finite median algebra (M, µ M ) and an h(|A|)-quasi-morphism f : M → X such that A ⊆ f (M). If µ has rank at most n, we may assume that M has rank at most n + 1. By Lemma 2.9, we can also assume that |M| 2 2 |A| . The finite median algebra M is the vertex set of the finite CAT(0) cubical complex C = C (M). For each W ∈ W (M), choose an edge e which intersects W and define l(W ) := d(f (e − ), f (e + )). By Lemma 6.1, this does not depend on the choice of the edge up to fixed multiplicative and additive errors depending on the cardinality of A. Use the chosen l : W (M) → R >0 to define a metric d l according to Section 2.3. Now let x 0 , . . . , x m ∈ C (0) = M be a combinatorial geodesic in C (1) . Then, by Lemma 6.1 (i), we can estimate where we have used both parts of Lemma 6.1. Since β, γ only depend on L := h(|A|) and the parameters of µ, and |M| 2 2 |A| , these two estimates show that f : M → X is an (α(|A|), ε(|A|))-quasi-isometric embedding for functions α, ε that only have dependencies as allowed for in the statement of the theorem.
The above result can be applied to hyperbolic geodesic spaces (since they admit a rank 1 coarse median). However, in this special case, the classical theorem on approximating trees [Gro87, §6.2] is stronger than the result proved above. Namely, in the classical result there are only explicit additive errors and no multiplicative errors. Moreover, by the classical result, every finite subset is contained in a finite geodesic tree, whereas Theorem 6.2 only give us quasi-isometric approximations by vertex sets of 2-dimensional CAT(0) cubical complexes with modified edge lengths.
